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The injectivity of the Poisson transform associated to the Cartan motion groups 
is proved with the aid of a Fatou-type theorem. 
The question of the injectivity of the Poisson transform plays a 
fundamental role in the representation theory of the Cartan motion groups. 
A basic result about this was proved by Helgason [3]; it was subsequently 
refined and its proof simplified by Champetier and Delorme [2]. However, 
the proof in [2] still uses some highly non-trivial algebraic results of Kostant 
and Rallis. The purpose of the present note is to give an entirely different 
proof. Its idea is to prove the injectivity by proving a Fatou-type result, i.e., 
showing that the original function can be recovered from its Poisson 
transform by taking suitable limits. This proof is not elementary either, since 
through the complex version of the method of stationary phase it is based on 
contour integration and Cauchy’s theorem, but it is a very natural method 
and it may have some interest of its own. 
The main thing to prove is the asymptotic formula for the generalized 
Bessel function denoted below by We. For regular ;1 and real directions this 
has been done in [ 11. We need it for general L and in complex directions, but 
in some other respects we do not need as precise information as can be found 
in [ 11. We will prove here exactly only what we need for our application. 
Let g be a real semisimple Lie algebra with Cartan decomposition 
g = I + p. Let K be the group corresponding to I and write k . X for the 
adjoint action of k E K on an element X E p. Let a be a maximal Abelian 
subspace of p and let B denote the Killing form. 
In the following A will be an arbitrary fixed element of the complex- 
itkation a’, and K . 1 E pc will be its orbit under K. The Poisson transform 
of a (say, continuous) function f on K . L is defined for all X E p by 
* Partially supported by the National Science Foundation. 
293 
0022.1236/82/020293-04$02.00/0 
Copyright B 1982 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
294 ADAM KORANYI 
where A is the normalized K-invariant measure on K . A. Clearly this 
function has an analytic continuation to pc, still given by the same integral 
formula. We define 
Our purpose is to prove that PA is injective. This will be an obvious 
consequence of the following result. (The bar denotes complex conjugation in 
pc with respect o p.) 
PROPOSITION. For any f continuous on K a A, and for all 1” E K . A, 
p; F (-it;i”) =f@“). 
The Proposition follows if one can show that the family of kernels {IQ} 
(t-+co)definedonK.1XK.Aby 
h#‘, A”) = 
eal(l ‘,A”) 
yn(- itA”) 
is an L1 approximate identity on K . Iz. This, in turn, is a standard conse- 
quence of the following lemma. 
LEMMA. (i) For all t > 0 and A’, I” E K .A, 
h,(k ’ I’, k * I”) = h#‘, A”), 
(ii) For all t > 0 and A” E K .A, 
s h#‘, A”) d/l’ = 1. K.l 
(iii) There exists A4 < 03 such that, for all large t, 
(iv) For any neighborhood U of 1 in K ’ A, 
j;i~ $4;; h#‘, A) = 0. 
ProoJ Parts (i) and (ii) are obvious from the definitions. For the other 
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statements we need the asymptotic behaviour of ~n(-id). Writing I = < + iq 
andA’=k.A, we have 
with 
~0,‘) = -B(k . & <) - B(k . q, q). 
We are now going to verify the conditions of [5, Theorem 2.31. This theorem 
is stated for integrals on R”, but with the aid of the well-known Morse 
Lemma [6, p. 61 it can easily be seen to hold for manifolds as well. (One 
could also use the result in the form it is given in [5] by introducing a chart 
of the same type as in [ 1, Sect. 31.) 
(a) u has an absolute minimum, the only one on K + 1, at A = A. This 
is clear since B is positive definite on p and K acts by orthogonal transfor- 
mations. 
(b) A is a critical point of u as well. To see this we write f = IA + 1 
where I’ is the Lie algebra of the stabilizer KA of A in K and I is a 
complement. Every tangent vector to K . A at 1, is the tangent of some curve 
exp tX .A with X E I, and we have 
$ u(exp tX. 2) = B(ad(Xh 0 - B(ad(X)t, v) 
0 
=W, [%<I)-B(X, [t,~r])=O. 
(c) A is a non-degenerate critical point of u. (Together with (a) this 
implies that the Hessian determinant of u + iv is non-zero.) In fact, taking 
0 # X E I as above, we have 
$ u(exp tX. A) = -B(ad(X)2<, 0 - B(ad(X)‘v, q) 
0 
since B is positive definite and since [X, (1 = [X, q] = 0 would imply X E I’ 
contradicting the choice of X. 
Theorem 2.3 of [5] now gives that, for t -+ co, 
wn(-it;l) N ctpm etB(AqX), 
where m = $ dim K . L and c is a non-zero constant (actually it gives much 
more precise information). 
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It follows that, as t + 03, 
where we denoted by ]] ]] the Hermitian inner product induced on pc by B. 
Parts (iii) and (iv) now follow immediately. 
Remarks. Our estimate of h, clearly makes it possible to prove the 
Proposition for functionsfthat are not continuous, only integrable. In fact, it 
seems that one could make a detailed study of Fatou-type theorems 
analogously as in the case of Riemannian symmetric spaces (cf. [4]). 
It is an obvious question in connection with our Proposition whether it is 
really necessary to use the analytic continuation of PA(f) or is it possible to 
obtainf(A’) as a limit while staying in the real space p. The case of purely 
real 1 shows that this is not always possible. However, if I = c + iq is such 
that K” = KA (i.e., K” c K’) our arguments show that the Proposition 
remains true if one takes the limit along the real ray --t Im A’ instead of 
along id ‘. 
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